
On the Properties and Applications of

Quaternions

,
,
,

Ibrahim Kashif ,

1st May 2026

Abstract

This paper starts with a historical overview of quaternions and
explores their algebraic properties. Moreover, we discuss two applic-
ations of quaternions, namely a representation of rotations in R3 and
a proof of Lagrange’s four-square theorem. Finally, we explore the
octonions and introduce the Cayley-Dickson construction.

1 Introduction

Quaternions can be thought of as four-dimensional numbers. They are an
extension of complex numbers, which are two-dimensional. They were first
defined by William Rowan Hamilton when he studied rotations in three-
dimensional space. We first give an overview of how Hamilton invented the
quaternions, using the description in [33, pp. 228–229].

After Hamilton gave the first formal definition of complex numbers in [17,
p. 408] as a couple of real numbers, which were used to study rotations in
R2, he tried to use triplets of real numbers to study rotations in R3. Using
a similar notation to complex numbers, he wrote the triplets as a + bi + cj.
However, he could not define a well-behaved multiplication of triplets. He
required the multiplication to satisfy two conditions. First, it was possible
to multiply the triplets term by term. This means that given two triplets
a1 + b1i + c1j and a2 + b2i + c2j, we can define i2, j2, ij and ji so that
(a1+b1i+c1j)(a2+b2i+c2j) = a1a2+(a1b2+b1a2)i+(a1c2+c1a2)j+b1b2i2+
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c1c2j2 + b1c2ij + c1b2ji matches the result of the definition of multiplication.
Second, the norm should be multiplicative, which means →uv→ = →u→ · →v→
for any triplets u and v. This structure is now known as a normed division
algebra. In fact, it was later proved that three-dimensional normed division
algebra does not exist. Failing to define a multiplication on triplets, Hamilton
moved to four dimensions and invented the quaternions eventually. We will
define the quaternions formally, explain their basic properties, and explore
some algebraic structures formed by quaternions in Section 2.

Quaternions are used in many areas of mathematics, such as proving
Lagrange’s four-square theorem in number theory. Mathematicians in the
17th and 18th centuries asked the problem of how we can classify integers by
the least amount of squares in a sum. Finally in 1770, Joseph-Louis Lagrange
proved that every positive integer can be expressed as a sum of four squares,
which is known as Lagrange’s four-square theorem [13]. This theorem has
elementary proofs based on arithmetic reasoning. However, these methods
are usually computationally long and hard to understand as they use the
method of infinite descent, such as in [19, pp. 399–400]. They also fail to
make apparent why sums of four squares behave well under multiplication.
Quaternions provide an alternative proof of this theorem, which also make
the behaviour of the multiplication easily seen and simplify the computation.
We explain the proof of Lagrange’s four-square theorem using quaternions in
detail in Section 3.

Furthermore, there are many real-world applications of quaternions. For
example, they can be used to represent rotations in R3, as this is the reason
why Hamilton invented the quaternions. Although there are many other
ways to represent rotations in R3, such as using orthonormal 3↑ 3 matrices
and Euler angles as suggested in [20, p. 556], these methods can sometimes
cause problems. Euler angles lead to a problem called gimbal lock, which
we discuss in Section 4. Orthonormal 3 ↑ 3 matrices can be a!ected by
numerical drift, meaning that the matrix may no longer be a valid rotation
matrix, according to [20, p. 556]. However, quaternions provide a clear and
compact way to represent rotations, avoiding these issues. In Section 4, we
explain how quaternions represent rotations and how they solve the problem
of gimbal lock.

Recall that the quaternions is an extension of complex numbers. How-
ever, quaternions can be further extended to octonions, an eight-dimensional
number, which can again be extended to sedenions, a 16-dimensional num-
ber. This construction process, called the Cayley-Dickson construction, can
be continued forever. However, as we increase the dimension of the num-
bers, some properties of R are lost. In Section 5, we define the octonions
formally and state the Cayley-Dickson construction. We also explore how
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the properties are lost throughout the construction.

2 Definitions and properties

In this section, we use the definition of quaternions given in [18, pp. 1–2].
We introduce another equivalent definition in Section 5.2.

Definition 2.1. A quaternion is an expression of the form q = a+bi+cj+dk,
where a, b, c, d ↓ R are called the constituents and i, j, k are symbols of three
imaginary quantities, which we call imaginary units.

Remark. We can treat a vector v = ωi + εj + ϑk ↓ R3 as a quaternion
v = 0 + ωi+ εj + ϑk ↓ H.

The set of all quaternions is denoted by H, while the set of all non-zero
quaternions is denoted by H→.

Definition 2.2. The addition and subtraction of two quaternions p = a1 +
b1i+ c1j + d1k and q = a2 + b2i+ c2j + d2k are defined as

p± q = (a1 ± a2) + (b1 ± b2)i+ (c1 ± c2)j + (d1 ± d2)k.

Definition 2.3. The product of two quaternions, p = a1 + b1i + c1j + d1k
and q = a2+ b2i+ c2j+d2k, can be evaluated by expanding the brackets and
using the following rules:

i2 = j2 = k2 = ↔1,

ij = k, jk = i, ki = j,

ji = ↔k, kj = ↔i, ik = ↔j.

Example 2.4 (Evaluate (4 + 2i↔ 3j + 5k)(2↔ i+ 4j + 2k)).

(4 + 2i↔ 3j + 5k)(2↔ i+ 4j + 2k)

= 8↔ 4i+ 16j + 8k + 4i↔ 2i2 + 8ij + 4ik

↔ 6j + 3ji↔ 12j2 ↔ 6jk + 10k ↔ 5ki+ 20kj + 10k2

=8↔ 4i+ 16j + 8k + 4i↔ 2(↔1) + 8k + 4(↔j)

↔ 6j + 3(↔k)↔ 12(↔1)↔ 6i+ 10k ↔ 5j + 20(↔i) + 10(↔1)

= 8↔ 4i+ 16j + 8k + 4i+ 2 + 8k ↔ 4j

↔ 6j ↔ 3k + 12↔ 6i+ 10k ↔ 5j ↔ 20i↔ 10

= 12↔ 26i+ j + 23k.
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Theorem 2.5 (Associative, commutative and distributive laws, [16, p. 1]).
Let p, q, r ↓ H. Then, we have

1. (p+ q) + r = p+ (q + r),

2. p+ q = q + p,

3. (pq)r = p(qr),

4. p(q + r) = pq + pr,

5. (q + r)p = qp+ rp.

However, multiplication of quaternions is not commutative in general.
For example, ij = k but ji = ↔k.

If q ↓ H, then it is easy to see that q+ 0 = q, q↔ q = 0 and q1 = 1q = q.
These properties, together with Theorem 2.5, imply that H is a ring. In fact,
H is also a division ring, which is defined as follows.

Definition 2.6 ([22, Definition 2.3]). A ring R is a division ring if every
element r in R, except the additive identity 0R, has a multiplicative inverse
r↑1 in R satisfying rr↑1 = r↑1r = 1R, where 1R is the multiplicative identity.

It is obvious that H is a division ring after we define the division of non-
zero quaternions later in this section. Similar to the complex numbers, we
can define the conjugate and the norm of a quaternion.

Definition 2.7 ([30, Section 8.6]). The conjugate of a quaternion q = a +
bi+ cj + dk is defined as a↔ bi↔ cj ↔ dk and is denoted by q.

Definition 2.8. The norm of a quaternion q = a+ bi+ cj + dk is defined as↗
a2 + b2 + c2 + d2 and is denoted by →q→.

Remark. To say that → · → is a norm, we should verify that it indeed satisfies
the axioms of a norm. We formally define what a norm is and prove that it
is indeed a norm later in Definition 2.15 and Theorem 2.17 respectively.

Lemma 2.9 ([30, p. 149]). Let p, q ↓ H. Then the following properties hold.

1. p+ q = p+ q.

2. pq = q p.

3. qq = qq = ||q||2.

Definition 2.10. A unit quaternion is a quaternion q such that →q→ = 1.

4



The set of all unit quaternions is denoted by H1.
From Lemma 2.9, we have qq = qq = →q→2. Furthermore, we have →q→ = 0

if and only if q = 0. Therefore, if q ↘= 0, then we can divide the equation by
→q→2 to get

q
q

→q→2 =
q

→q→2 q = 1.

Hence, the multiplicative inverse of a non-zero quaternion q is q↑1 = q/→q→2.
The existence of multiplicative inverse of non-zero quaternions also implies
that H is a division ring. Finally, the division of quaternions p and q, where
q ↘= 0, is defined as p/q = pq↑1 = p(q/→q→2).

The associative law in Theorem 2.5, with 1 as the multiplicative identity
and the existence of multiplicative inverses for non-zero quaternions, imply
that H→ forms a group under multiplication. This fact is useful when we dis-
cuss representations of quaternions in Section 4. Furthermore, the following
lemma follows from the properties of a group.

Lemma 2.11 ([21, Theorem 1.1]). Let p, q ↓ H→. Then (pq)↑1 = q↑1p↑1.

Another algebraic structure that H forms is an R-vector space. Never-
theless, H satisfies more properties than required by a vector space and it in
fact forms a normed division algebra over R. We first define what algebra,
division algebra, and normed vector space are. Finally, we define what is a
normed division algebra.

Definition 2.12 ([27, p. 1]). Let V be a R-vector space, with operations
+ : V ↑ V ≃ V and · : R ↑ V ≃ V . Suppose we have an operation
↑ : V ↑ V ≃ V such that for all u, v, w ↓ V and ϖ, µ ↓ R, we have

(A1) (u+ v)↑ w = u↑ w + v ↑ w,

(A2) u↑ (v + w) = u↑ v + u↑ w,

(A3) (ϖu)↑ (µv) = (ϖµ)(u↑ v).

Then, we say that V is a R-algebra.

Remark. The dimension of an R-algebra V is the same as the dimension of
V as an R-vector space. Also, we may write uv for u↑ v.

Definition 2.13 ([25, Section 1]). A division algebra over R is a finite-
dimensional R-algebra such that it contains an identity for the operation ↑
and it has no zero divisors, which means that for any non-zero u and v, we
have uv ↘= 0.
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Example 2.14 ([3, p. 3]). Under the usual additions and multiplications,
R, C, and H are division algebras over R.

Definition 2.15 ([1, p. 194]). Let V be a R-vector space. Let → · → : V ≃ R
be a function satisfying the following axioms.

(N1) For any v ↓ V , →v→ ⇐ 0.

(N2) For any v ↓ V , →v→ = 0 if and only if v = 0.

(N3) For any v ↓ V and ϖ ↓ R, →ϖv→ = |ϖ| →v→.

(N4) For any u, v ↓ V , →u+ v→ ⇒ →u→+ →v→.

Then, we say that (V, → · →) is a normed vector space.

Definition 2.16 ([3, p. 3]). Let (V, → · →) be a normed vector space over R
such that V is also a division algebra over R. We say that V is a normed
division algebra over R if →uv→ = →u→ · →v→ for any u, v ↓ V .

Theorem 2.17. Under the usual addition and multiplication, H is a normed
division algebra over R.

Proof. We first prove that (H, → · →) is a normed vector space. (N1) and (N2)
follow from the properties of real numbers. Let ϖ ↓ R and p, q ↓ H, where
p = a1 + b1i+ c1j + d1k and q = a2 + b2i+ c2j + d2k. Then we have

→ϖp→ = →ϖa1 + ϖb1i+ ϖc1j + ϖd1k→ =
√
(ϖa1)2 + (ϖb1)2 + (ϖc1)2 + (ϖd1)2

=
√

ϖ2(a2
1
+ b2

1
+ c2

1
+ d2

1
) =

↗
ϖ2

√
a2
1
+ b2

1
+ c2

1
+ d2

1
= |ϖ| →p→.

Therefore, (N3) is satisfied. Moreover,

→p+ q→2 = →(a1 + a2) + (b1 + b2)i+ (c1 + c2)j + (d1 + d2)k→2

= (a1 + a2)
2 + (b1 + b2)

2 + (c1 + c2)
2 + (d1 + d2)

2

= (a2
1
+ b2

1
+ c2

1
+ d2

1
) + (a2

2
+ b2

2
+ c2

2
+ d2

2
) + 2(a1a2 + b1b2 + c1c2 + d1d2)

= →p→2 + →q→2 + 2(a1a2 + b1b2 + c1c2 + d1d2).

By the Cauchy-Schwarz inequality in [14, Theorem 1.2], (a1a2+ b1b2+ c1c2+
d1d2)2 ⇒ (a2

1
+b2

1
+c2

1
+d2

1
)(a2

2
+b2

2
+c2

2
+d2

2
). Taking square roots on both sides,

we have a1a2 + b1b2 + c1c2 + d1d2 ⇒
√

a2
1
+ b2

1
+ c2

1
+ d2

1

√
a2
2
+ b2

2
+ c2

2
+ d2

2
=

→p→ · →q→. Therefore,

→p+ q→2 = →p→2 + →q→2 + 2(a1a2 + b1b2 + c1c2 + d1d2)

⇒ →p→2 + →q→2 + 2→p→ · →q→
= (→p→+ →q→)2.
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Taking square roots on both sides, we get →p+ q→ ⇒ →p→+ →q→. Hence, (N4)
is also satisfied. Thus, (H, → · →) is a normed vector space.

To show that H is a normed division algebra over R, we also need to

show that the norm is multiplicative. We note that →pq→ =
√

(pq)(pq) =√
(pq)(q p) =

√
p(qq)p =

√
p→q→2p = →q→

↗
pp = →p→ · →q→. Therefore, H is

indeed a normed division algebra over R.

3 Lagrange’s four-square theorem

After establishing the definition and properties of quaternions, we can present
a proof of Lagrange’s four-square theorem, which is based on a subset of
quaternions called the Hurwitz integers.

Definition 3.1 ([10, Definition 2.2]). The set of Hurwitz integers is defined
as

HHurwitz = {a+bi+cj+dk | a, b, c, d ↓ Z}⇑
{
a+ bi+ cj + dk | a, b, c, d ↓ Z+

1

2

}
,

where Z+ 1

2
=

{
n+ 1

2
| n ↓ Z

}
.

Hurwitz integers is a key component in proving Lagrange’s four-square
theorem because they have valuable behaviours and properties. For example,
the squared norm of a Hurwitz integer is always an integer. To prove this
fact, we need the following lemma.

Lemma 3.2. Let n be an odd integer. Then n2 ⇓ 1 (mod 4).

Proof. Since n is odd, there exists m ↓ Z such that m = 2k + 1. Hence,
m2 = (2m+ 1)2 = 4m2 + 4m+ 1 = 4(m2 +m) + 1 ⇓ 1 (mod 4).

Theorem 3.3 ([30, p. 148]). For all q ↓ HHurwitz, we have →q→2 ↓ Z.

Proof. Let q = a + bi + cj + dk. We consider two cases. The first case is
a, b, c, d ↓ Z. Then, we have →q→2 = a2 + b2 + c2 + d2. Since a2, b2, c2, d2 ↓ Z,
we have →q→2 ↓ Z.

For the second case, where a, b, c, d ↓ Z + 1

2
, note that we can rewrite

q = a + bi + cj + dk as (ω + εi + ϑj + ϱk)/2, where ω, ε, ϑ, ϱ are odd
numbers. By Lemma 3.2, we have ω2, ε2, ϑ2, ϱ2 ⇓ 1 (mod 4). Also, we have
→q→2 = (ω2+ε2+ ϑ2+ ϱ2)/4. Since ω2+ε2+ ϑ2+ ϱ2 ⇓ 1+1+1+1 = 4 ⇓ 0
(mod 4), ω2 + ε2 + ϑ2 + ϱ2 is divisible by 4. Hence, →q→2 ↓ Z.

Therefore, in both cases, we have →q→2 ↓ Z.
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Theorem 3.4 (The four square identity, [30, p. 144]). Let a1, b1, c1, d1, a2,
b2, c2, d2 be integers. Then (a2

1
+ b2

1
+ c2

1
+ d2

1
)(a2

2
+ b2

2
+ c2

2
+ d2

2
) is a sum of

four integer squares.

Proof. Define two quaternions p = a1+b1i+c1j+d1k and q = a2+b2i+c2j+
d2k. Note that a2

1
+ b2

1
+ c2

1
+ d2

1
= →p→2 and a2

2
+ b2

2
+ c2

2
+ d2

2
= →q→2. So we

have (a2
1
+b2

1
+c2

1
+d2

1
)(a2

2
+b2

2
+c2

2
+d2

2
) = →p→2→q→2 = →pq→2 since the norm is

multiplicative. If we expand the brackets in pq = (a1 + b1i+ c1j + d1k)(a2 +
b2i + c2j + d2k), we can show that all the constituents of pq are integers.
This implies pq = a3 + b3i + c3j + d3k for some a3, b3, c3, d3 ↓ Z. Hence,
(a2

1
+b2

1
+c2

1
+d2

1
)(a2

2
+b2

2
+c2

2
+d2

2
) = →a3+b3i+c3j+d3k→2 = a2

3
+b2

3
+c2

3
+d2

3
.

The next corollary follows from Theorem 3.4 by induction.

Corollary 3.5. Let n ↓ N. Suppose a1, b1, c1, d1, a2, b2, c2, d2, . . . , an, bn, cn, dn ↓
Z. Then (a2

1
+ b2

1
+ c2

1
+ d2

1
)(a2

2
+ b2

2
+ c2

2
+ d2

2
) . . . (a2n + b2n + c2n + d2n) is a sum

of four integer squares.

As a result of Corollary 3.5, it su”ces to prove that Lagrange’s four-
square theorem holds for all prime numbers, because any composite number
can be factorised as a product of prime numbers and the theorem holds for
1 as 1 = 12+02+02+02. Next, we define a special type of Hurwitz integers.

Definition 3.6 ([26, p. 4]). A Hurwitz prime is a Hurwitz integer q such
that

1. q ↘= 0,

2. →q→ ↘= 1, and

3. q cannot be written as a product of non-unit Hurwitz integers.

The following theorem provides a quick way to determine whether a given
Hurwitz integer is a Hurwitz prime.

Theorem 3.7 ([26, Lemma 2.8]). Let q be a Hurwitz integer. Then q is a
Hurwitz prime if and only if →q→2 is a prime number.

Example 3.8 (Verify that the Hurwitz integers p = 13 + 6i ↔ 3j ↔ 3k and
q = ↔7

2
+ 3

2
i↔ 3

2
j + 1

2
k are Hurwitz primes). Note that

→p→2 = 132 + 62 + 32 + 32 = 223

and

→q→2 =
(
7

2

)2

+

(
3

2

)2

+

(
3

2

)2

+

(
1

2

)2

=
68

4
= 17.

Since 223 and 17 are prime numbers, p and q are indeed Hurwitz primes.
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As suggested by the names, it is natural to ask whether prime numbers
are Hurwitz primes. To answer this question, we need to define the greatest
common divisor (gcd) of two Hurwitz integers. However, since multiplication
of quaternions is not commutative in general, we need to distinguish between
right and left divisors, and thus between right and left gcd.

Definition 3.9 ([30, p. 151]). Let p and q be Hurwitz integers. We say that
p is a right divisor of q if q = rp for some r ↓ HHurwitz.

The right gcd of two Hurwitz integers is defined analogously to the Euc-
lidean algorithm for integers. We first recall the Euclidean algorithm.

Theorem 3.10 (Euclidean algorithm, [31, pp. 32–33]). Let n,m ↓ Z. If
one of them is zero, then the other is the greatest common divisor. If both
are non-zero, then we can divide n by m to get a remainder r1, and write
n = q1m + r1, for some q1 ↓ Z. If r1 ↘= 0, then we divide m by r1 to get
another remainder r2, and write m = q2r1 + r2, for some q2 ↓ Z. If r2 ↘= 0,
then we divide r1 by r2 to get the next remainder r3, and write r1 = q3r2+r3,
for some q3 ↓ Z. Repeat this process until we get a remainder of zero. The
final non-zero remainder is gcd(n,m).

Definition 3.11 ([30, pp. 151–152]). Let p, q ↓ HHurwitz. Note that if p
and q have a common right divisor z, then p = rz and q = sz for some
r, s ↓ HHurwitz. Hence, when we divide p by q, we have

r1 = p↔ µq = rz ↔ µsz = (r ↔ µs)z,

where r1 is the remainder. This shows that z is a right divisor of r1 as well.
Hence, if we always divide on the right in the Euclidean algorithm, we get the
right gcd for p and q. We denote this as rgcd(p, q). Then, by inspection of
the terms made in the Euclidean algorithm, we get that rgcd(p, q) = ωp+εq
for some ω, ε ↓ HHurwitz.

Definition 3.11 allows us to prove the following theorem about Hurwitz
primes.

Theorem 3.12 ([30, p. 152]). If x ↓ R is a Hurwitz prime and x divides pq,
where p, q ↓ HHurwitz, then x divides p or x divides q.

Proof. Assume that x does not divide p. Then 1 = rgcd(x, p) = ωx + εp,
for some ω, ε ↓ HHurwitz. Thus, q = ωxq + εpq. Since x divides pq by
assumption, x divides εpq. So x divides both ωxq and εpq. Hence, x divides
ωxq + εpq = q.

We proved that if x does not divide p, then x divides q. This is equivalent
to x divides p or x divides q.
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Lemma 3.13 ([30, p. 153]). Given an odd prime p, there exist q, r ↓ Z such
that p divides 1 + q2 + r2.

With Lemma 3.13, we can answer the question of whether odd prime
integers are Hurwitz primes.

Lemma 3.14 ([30, p. 153]). Any odd prime is not a Hurwitz prime.

Proof. Let p be an odd prime. By Lemma 3.13, p divides 1+q2+r2 for some
q, r ↓ Z. Note that we can factorise 1 + q2 + r2 into Hurwitz integers as

1 + q2 + r2 = (1 + qi+ rj)(1↔ qi↔ rj).

We know that p divides 1 + q2 + r2 but, both 1+qi+ri
p and 1↑qi↑rj

p are not
Hurwitz integers, hence p does not divide 1 + qi+ rj and 1↔ qi↔ rj. Using
the contrapositive of Theorem 3.12, we can conclude that p is not a Hurwitz
prime.

Theorem 3.15 ([30, pp. 149–150]). Any prime number n that is not a Hur-
witz prime can be written as a sum of four integer squares.

Proof. Since we assume that n is not a Hurwitz prime, by Definition 3.6,
we have n = 0, →n→ = 1, or that n can be written as a product of non-
unit Hurwitz integers. Since n is an prime number, n ⇐ 2 and thus →n→ ⇐ 2.
Hence, the first two cases are not possible. So n = gh for some g, h ↓ HHurwitz,
with →g→, →h→ ↘= 1. Let h = a+ bi+ cj + dk. Then we have

n = g(a+ bi+ cj + dk). (1)

Note that n = g(a+ bi+ cj + dk) = (a+ bi+ cj + dk) g = (a↔bi↔cj↔dk)g.
Since n ↓ R, we have n = n. Hence,

n = (a↔ bi↔ cj ↔ dk)g. (2)

Multiplying (1) and (2), we get n2 = g(a+ bi+ cj+ dk)(a↔ bi↔ cj↔ dk)g =
g(a2+ b2+ c2+d2)g. Since a2+ b2+ c2+d2 ↓ R, we have n2 = (a2+ b2+ c2+
d2)gg = (a2 + b2 + c2 + d2)→g→2. Also, we have a2 + b2 + c2 + d2 = →h→2, so
n2 = →h→2→g→2. Since g, h ↓ HHurwitz, by Theorem 3.3, we have →g→2, →h→2 ↓
Z. Note that the only ways to factorise n2 are 1↑n2, n2↑1, and n↑n. Since
→g→, →h→ ↘= 1, we have →g→2, →h→2 ↘= 1. Therefore, we have →g→2 = →h→2 = n.
So

a2 + b2 + c2 + d2 = →h→2 = n. (3)

Since h ↓ HHurwitz, either a, b, c, d ↓ Z or a, b, c, d ↓ Z + 1

2
. If a, b, c, d ↓ Z,

then (3) expresses n as a sum of four integer squares. Thus, we assume
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a, b, c, d ↓ Z+ 1

2
. Next, we define a quaternion ς depending on whether each

of a, b, c, and d is 2n + 1

2
or (2n + 1) + 1

2
, for some n ↓ Z. The motivation

of this definition is to write

h = ς + A+Bi+ Cj +Dk, (4)

where ς is a unit quaternion and A,B,C,D are even integers. The definition
of ς for each case can be found in Table 1.

a b c d ς

2n+ 1/2 2n+ 1/2 2n+ 1/2 2n+ 1/2 (1 + i+ j + k)/2
2n+ 1/2 2n+ 1/2 2n+ 1/2 (2n+ 1) + 1/2 (1 + i+ j ↔ k)/2
2n+ 1/2 2n+ 1/2 (2n+ 1) + 1/2 2n+ 1/2 (1 + i↔ j + k)/2
2n+ 1/2 2n+ 1/2 (2n+ 1) + 1/2 (2n+ 1) + 1/2 (1 + i↔ j ↔ k)/2
2n+ 1/2 (2n+ 1) + 1/2 2n+ 1/2 2n+ 1/2 (1↔ i+ j + k)/2
2n+ 1/2 (2n+ 1) + 1/2 2n+ 1/2 (2n+ 1) + 1/2 (1↔ i+ j ↔ k)/2
2n+ 1/2 (2n+ 1) + 1/2 (2n+ 1) + 1/2 2n+ 1/2 (1↔ i↔ j + k)/2
2n+ 1/2 (2n+ 1) + 1/2 (2n+ 1) + 1/2 (2n+ 1) + 1/2 (1↔ i↔ j ↔ k)/2

(2n+ 1) + 1/2 2n+ 1/2 2n+ 1/2 2n+ 1/2 (↔1 + i+ j + k)/2
(2n+ 1) + 1/2 2n+ 1/2 2n+ 1/2 (2n+ 1) + 1/2 (↔1 + i+ j ↔ k)/2
(2n+ 1) + 1/2 2n+ 1/2 (2n+ 1) + 1/2 2n+ 1/2 (↔1 + i↔ j + k)/2
(2n+ 1) + 1/2 2n+ 1/2 (2n+ 1) + 1/2 (2n+ 1) + 1/2 (↔1 + i↔ j ↔ k)/2
(2n+ 1) + 1/2 (2n+ 1) + 1/2 2n+ 1/2 2n+ 1/2 (↔1↔ i+ j + k)/2
(2n+ 1) + 1/2 (2n+ 1) + 1/2 2n+ 1/2 (2n+ 1) + 1/2 (↔1↔ i+ j ↔ k)/2
(2n+ 1) + 1/2 (2n+ 1) + 1/2 (2n+ 1) + 1/2 2n+ 1/2 (↔1↔ i↔ j + k)/2
(2n+ 1) + 1/2 (2n+ 1) + 1/2 (2n+ 1) + 1/2 (2n+ 1) + 1/2 (↔1↔ i↔ j ↔ k)/2

Table 1: Definition of ς in each case.

We can verify that →ς→ = 1 in each case. Also, by comparing the con-
stituents in (4), we can verify that A,B,C,D are even integers. Hence, from
(3) and (4), we have

n = →h→2 = hh

= (ς + A+Bi+ Cj +Dk)
(
ς + A+Bi+ Cj +Dk

)

= (ς + A+Bi+ Cj +Dk)→ς→2
(
ς + A+Bi+ Cj +Dk

)

= (ς + A+Bi+ Cj +Dk) (ςς)
(
ς + A+Bi+ Cj +Dk

)

= [(ς + A+Bi+ Cj +Dk)ς]
[
ς
(
ς + A+Bi+ Cj +Dk

)]
.

Since A,B,C,D are even, there exist mA,mB,mC ,mD ↓ Z such that A =
2mA, B = 2mB, C = 2mC , and D = 2mD. Notice that (ς + A+Bi+ Cj +
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Dk)ς is a quaternion where all constituents are integers. For example, in
the case ς = (1 + i+ j + k)/2,

(ς + A+Bi+ Cj +Dk)ς =ςς + 2mAς + 2mBς + 2mCς + 2mDς

= →ς→+ 2mA

(
1↔ i↔ j ↔ k

2

)
+ 2mB

(
1↔ i↔ j ↔ k

2

)

+ 2mC

(
1↔ i↔ j ↔ k

2

)
+ 2mD

(
1↔ i↔ j ↔ k

2

)

=1 +mA(1↔ i↔ j ↔ k) +mB(1↔ i↔ j ↔ k)

+mC(1↔ i↔ j ↔ k) +mD(1↔ i↔ j ↔ k).

We can prove other cases using the same approach. Therefore, we can find
u, v, w, x ↓ Z satisfying (ς+A+Bi+Cj +Dk)ς = u+ vi+wj + xk. Since

(ς + A+ Bi+ Cj +Dk)ς = ς
(
ς + A+Bi+ Cj +Dk

)

= ς
(
ς + A+Bi+ Cj +Dk

)
,

we have ς
(
ς + A+Bi+ Cj +Dk

)
= u↔ vi↔ wj ↔ xk. Therefore,

n = (u+ vi+ wj + xk)(u↔ vi↔ wj ↔ xk) = u2 + v2 + w2 + x2,

which is a sum of four integer squares.

In Lemma 3.14, we prove that no odd prime is a Hurwitz prime. There-
fore, with Theorem 3.15, it is su”cient to conclude that every odd prime is a
sum of four integer squares. Furthermore, the only even prime 2 is a sum of
four integer squares since 2 = 12 + 12 + 02 + 02. Hence, every prime number
can be written as a sum of four squares. By Corollary 3.5, all natural num-
bers are sums of four squares, completing the proof of Lagrange’s four-square
theorem. This theorem has applications in many areas of mathematics. An
example is quantum computing in [24].

4 Rotations in R3

In this section, we first introduce the concept of Euler angles and explain
why it leads to the problem of gimbal lock. Then, we discuss the connection
between quaternions and rotations. Finally, we explain why quaternion is a
better way to describe a rotation, compared to Euler angle.
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4.1 Euler angles and gimbal lock

Euler angles are a method to parameterise rotations in R3. It is based on
the fact that any rotation in R3 can be written as the composition of three
rotations, about three mutually orthogonal axes.

For example, using the standard basis, we can write any rotation as the
composition of a rotation about the z-axis, a rotation about the x-axis, and
finally a rotation about the y-axis. Any order of the axes is possible, but
we will use the order stated in the above example, which is the same as in
[8, Section 2.8]. We use R(φ,↼,↽) to denote a rotation of ↽ in the z-axis,
followed by a rotation of φ in the x-axis and finally a rotation of ↼ in the
y-axis. Therefore, we have the following theorem.

Theorem 4.1. Let φ,↽ ↓ (↔⇀, ⇀], ↼ ↓
[
↔ω

2
, ω
2

]
. Then we have

R(φ,↼,↽) = Rx(φ)Ry(↼)Rz(↽),

where Rx(φ), Ry(↼) and Rz(↽) are matrices representing rotations of angles
φ, ↼ and ↽ about the x-, y- and z-axes respectively.

However, Euler angles can sometimes cause problems, such as gimbal
lock. We illustrate this problem using a similar example as in [9, p. 13]. It
occurs when two of the three gimbal axes align, restricting the direction of
rotations it can represent. For instance, this happens when ↼ = ⇀/2.

Figure 1: Occurrence of gimbal lock. [34, Figure 9]

Figure 1 (a) shows the initial position of the three axes, which are ortho-
gonal to each other. At this stage, we can rotate in any direction. However,
after a rotation of ⇀/2 along the y-axis, the x-and y-gimbals coincide, as
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illustrated in Figure 1 (b). Therefore, there are only two orthogonal axes
and thus it cannot represent rotations in every direction.

Using Rx(φ) =




1 0 0
0 cos φ ↔ sin φ
0 sin φ cos φ



, Ry(↼) =




cos↼ 0 sin↼
0 1 0

↔ sin↼ 0 cos↼



 and

Rz(↽) =




cos↽ ↔ sin↽ 0
sin↽ cos↽ 0
0 0 1



, which are stated in [8, pp. 46–47], we can

show that

R(φ, ⇀/2,↽) =




0 0 1

sin(↽ + φ) cos(↽ + φ) 0
↔ cos(↽ + φ) sin(↽ + φ) 0



 .

This matrix has non-unique choices of φ and ↽. For example, for any t ↓ R,
the rotation given by φ = t and ↽ = 0 is the same as that given by φ = 0
and ↽ = t, since

R(t, ⇀/2, 0) =




0 0 1

sin t cos t 0
↔ cos t sin t 0



 = R(0, ⇀/2, t).

This can cause issues when attempting to make smooth changes in orient-
ation near the point of degeneracy, as a minor adjustment can require a large,
discontinuous change in another. In applications such as aerospace naviga-
tion or animation, this can result in sudden jumps that may be unnatural or
pose a safety risk as explained in [15, § IV].

4.2 Rotations using quaternions

In this subsection, we introduce the representation of a rotation in R3 by the
conjugation of a unit quaternion, with reference to [32]. This method can
avoid the problem of gimbal lock. However, we first need to prove that given
a vector v ↓ R3, its conjugation with a unit quaternion q, which results in
qvq↑1, is also a vector in R3.

Theorem 4.2. Let q ↓ H1 and v ↓ R3. Then qvq↑1 ↓ R3.

Proof. Let q = a + bi + cj + dk and v = ωi + εj + ϑk. Then, q↑1 =
1

↓q↓2 (a ↔ bi ↔ cj ↔ dk) = (a ↔ bi ↔ cj ↔ dk). Hence, qvq↑1 = (a + bi + cj +

dk)(ωi+ εj + ϑk)(a↔ bi↔ cj ↔ dk). So the real part of qvq↑1 is

(aωb+ aεc+ aϑd↔ bωa+ bεd↔ bϑc

↔ cωd↔ cεa+ cϑb+ dωc↔ dεb↔ dϑa)

= 0.
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Therefore, qvq↑1 ↓ R3.

If we fix q ↓ H1, then we can define a linear transformation Tq : R3 ≃ R3

by Tq(v) = qvq↑1 for any v ↓ R3. Using the standard basis of R3, namely







1
0
0



 ,




0
1
0



 ,




0
0
1








, the matrix representing this linear transformation is




a2 + b2 ↔ c2 ↔ d2 2bc↔ 2ad 2ac+ 2bd

2bc+ 2ad a2 ↔ b2 + c2 ↔ d2 ↔2ab+ 2cd
↔2ac+ 2bd 2ab+ 2cd a2 ↔ b2 ↔ c2 + d2



 .

We denote this matrix by Mq. This matrix can be obtained by finding the
images of each basis vectors, because each column of the matrix is the co-
ordinate vector of the image of the basis vector. A detailed derivation of
this matrix can be found in [11, Chapter 15.3]. Next, we define the special
orthogonal group, which allows us to establish some properties of Mq.

Definition 4.3 ([23, p. 223]). The special orthogonal group, SO(n), is the
set of all n ↑ n orthogonal matrices with determinant 1, with respect to
the standard inner product of Rn, namely ⇔u, v↖ =

n
i=1

uivi for any u =
(u1, . . . , un)T and v = (v1, . . . , vn)T in Rn. The binary operation is matrix
multiplication.

We can calculate the inner products of the columns in Mq, showing that
the inner product of any two distinct columns is 0, and the inner product
of any column with itself is 1. This verifies that Mq is orthogonal. We can
also calculate det(Mq) and show that it is 1. Hence, we can conclude that
Mq ↓ SO(3). This leads to the following theorem.

Theorem 4.4 ([7, p. 24]). The function # : H1 ≃ SO(3) defined by #(q) =
Mq for all q ↓ H1 is a surjective group homomorphism.

Recall that elements in SO(3) are rotations in R3. Therefore, the function
# in Theorem 4.4 being surjective implies that any rotation in R3 can be
written as a unit quaternion.

Quaternion rotation, as mentioned before, avoids the issue of gimbal
lock and allows rotations to be represented as smooth compositions using
spherical linear interpolation (slerp). This method provides constant speed,
smooth, and intermediate angles between two orientations on the shortest
path between two points, addressing the interpolation issues commonly en-
countered with Euler angles as shown in [28]. Because of this, quaternions are
generally considered more computationally e”cient and numerically stable
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than Euler angles for representing and composing repeated 3D rotations,
they are considered more computationally e”cient due to using less opera-
tions with only and less memory as explained in more detail in [4, Sec. 2].

Example 4.5 (Rotation using a unit quaternion). Let q =
↔
3

2
+

↔
2

4
(i + j)

and v = j+k, where q represents a rotation by ⇀/3 around the 1↔
2
(i+j) unit

axis, and v is the point in R3 being rotated. Since q is a unit quaternion, its
inverse is q↑1 = q =

↔
3

2
↔

↔
2

4
(i+ j).

Denote the image of the rotation by v↗. Then

v↗ = qvq↑1 =

↗
3

2
+

↗
2

4
(i+ j)


(j + k)

↗
3

2
↔

↗
2

4
(i+ j)



=


↔
↗
2

4
+

↗
2

4
i+

2
↗
3↔

↗
2

4
j +

2
↗
3 +

↗
2

4
k

↗
3

2
↔

↗
2

4
(i+ j)



=
1 +

↗
6

4
i+

3↔
↗
6

4
j +

2 +
↗
6

4
k.

Therefore, after a rotation by ⇀/3 around the unit axis 1↔
2
(i + j), the point

j + k, which corresponds to (0, 1, 1)T , is mapped to 1+
↔
6

4
i+ 3↑

↔
6

4
j + 2+

↔
6

4
k,

which corresponds to


1+
↔
6

4
, 3↑

↔
6

4
, 2+

↔
6

4

T

.

5 Further extensions

The real numbers can be extended to the complex numbers, and the complex
numbers can be extended to the quaternions. However, this is not the end
of the chain of extensions.

5.1 Octonions

Complex numbers and quaternions are related to rotations in two- and four-
dimensional spaces respectively. To study rotations in higher dimensions,
Arthur Cayley constructed the octonions, the eight-dimensional numbers.
We introduce the construction of octonions as described in [6, pp. 234–235].
Instead of using di!erent symbols, we distinguish di!erent imaginary parts
by subscripts. So an octonion can be written as a+bi0+ci1+di2+ei3+fi4+
gi5 + hi6, where a, b, c, d, e, f, g, h ↓ R. The set of all octonions is denoted
by O. Two octonions can be added by summing the constituents of the real
part and each imaginary unit respectively. Similar to the quaternions, to
define the product of octonions, we first set up the rules for the products
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of imaginary units and 1, which can be summarised in Table 2. Then, to
multiply any two octonions, we expand the brackets and simplify it using
these rules.

↙ ↑ ≃ 1 i0 i1 i2 i3 i4 i5 i6
1 1 i0 i1 i2 i3 i4 i5 i6
i0 i0 ↔1 i2 ↔i1 i4 ↔i3 ↔i6 i5
i1 i1 ↔i2 ↔1 i0 i5 i6 ↔i3 ↔i4
i2 i2 i1 ↔i0 ↔1 i6 ↔i5 i4 ↔i3
i3 i3 ↔i4 ↔i5 ↔i6 ↔1 i0 i1 i2
i4 i4 i3 ↔i6 i5 ↔i0 ↔1 ↔i2 i1
i5 i5 i6 i3 ↔i4 ↔i1 i2 ↔1 ↔i0
i6 i6 ↔i5 i4 i3 ↔i2 ↔i1 i0 ↔1

Table 2: Multiplication table for octonions. [2, Table 1]

From Table 2, we can see that multiplication of octonions is not commut-
ative or associative. For example, i0i1 = i2 ↘= ↔i2 = i1i0 and (i1i2)i3 = i0i3 =
i4 ↘= ↔i4 = i1i6 = i1(i2i3).

5.2 The Cayley-Dickson construction

The Cayley-Dickson Construction is a generalised procedure to define a se-
quence of R-algebras. We start with R, and the first three iterations give us
C, H, and O. However, it defines a systematic way to continue constructing
new numbers on this chain of extensions. We use the explanation in [12,
p. 6].

Starting with the real numbers, we define complex numbers as a pair of
real numbers (a, b). Then we define addition of complex numbers as

(a, b) + (c, d) = (a+ c, b+ d), (5)

multiplication as
(a, b)(c, d) = (ac↔ db, ad+ cb), (6)

and conjugation as
(a, b) = (a,↔b), (7)

where the conjugation of a real number a is a = a.
The next iteration of numbers is defined as a pair of numbers in the pre-

vious iteration, where addition, multiplication, and conjugation of numbers
in this new iteration are defined as (5), (6), and (7) respectively. For ex-
ample, following the Cayley-Dickson Construction process, quaternions can
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be defined as a pair of complex numbers, and octonions can be defined as a
pair of quaternions. The next number system formed is sedenions.

Throughout this construction process, some properties of the real num-
bers are lost. First, as we have seen in Section 2 and 5.1 respectively, the qua-
ternions lose commutativity and the octonions lose associativity of multiplic-
ation. However, they retain the alternative property, which is (xx)y = x(xy)
and y(xx) = (yx)x for any x, y ↓ O, as stated in [27, p. 5]. This prop-
erty is lost when we reach sedenions. The sedenions have zero divisors.
For example, using the multiplication table of sedenions in [29, Figure 1],
(i1 + i10)(i5 ↔ i14) = 0 and so

(i1 + i10)[(i5 ↔ i14)i4] = 2 ↘= 0 = [(i1 + i10)(i5 ↔ i14)]i4.

Having zero divisors means that you cannot define a norm. If a norm → · →
exists, then for any pair of zero divisors x and y, we have →xy→ = →0→ = 0
but →x→ · →y→ > 0. This contradicts the requirement for a norm to be multi-
plicative. The lack of norm for sedenions is linked to the Hurwitz theorem.

Theorem 5.1 (Hurwitz theorem, [5, p. 1]). Suppose there is an identity

(x2

1
+ · · ·+ x2

n)(y
2

1
+ · · ·+ y2n) = z2

1
+ · · ·+ z2n,

where x1, . . . , xn, y1, . . . , yn ↓ C, and each zk is of the form
n

i=1

n
j=1

cijxiyj
with cij ↓ C. Then n = 1, 2, 4, or 8.

This implies that any finite-dimensional normed division R-algebra has
dimension 1, 2, 4, or 8, explaining why Hamilton could not define a well-
behaved multiplication of triplets as we discuss in Section 1. In other words,
among all the R-algebras constructed in the Cayley-Dickson construction,
the only normed division algebras are R, C, H, and O.
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